Abstract. In this paper, a new general procedure of the integration operational matrix of fractional-order Legendre wavelets is presented and then used to obtain the numerical solution of fractional differential equations. The fractional derivative in these problems is in the Caputo sense. By using the operational matrix of fractional integration, the original fractional differential equation is converted into a nonlinear system of algebraic equations which can be solved by Newton's method. The numerical results are compared with exact solutions and existing numerical solutions found in the literature and demonstrate the validity and applicability of the proposed method.
Introduction
One of the main challenges in the field of fractional calculus is that how to obtain the accurate representation of fractional integration/derivative operator. It is nature to use operational matrix of integral-order orthogonal functions to approximate fractional-order integration/derivative operator. However, since these polynomials using integer-order power series to approximate fractional ones, it often led to low accuracy and high degrees of freedom.
In order to overcome aforementioned disadvantages, fractional-order polynomials/functions deserve increasing attentions and have undergone a fast evolution. Rida and Yousef [1] presented a fractional extension of the classical Legendre polynomials by replacing the integer order derivative in Rodrigues formula with fractional order derivatives. Kazem et.al [2] derived the orthogonal fractional-order Legendre functions (FLFs) based on shifted Legendre polynomials to obtain the solution of FDEs. Yin et.al [3] extended FLFs to two dimensional FLFs for solving fractional partial differential equations.
Recently, Rahimkhani [4] introduced the definition of fractional-order Legendre wavelets (FLWs) and derived the FLWs operational matrix of fractional integration by piecewise fractional-order Taylor functions transform method. In this paper, we give a new method to construct FLWs operational matrix of fractional integration and then use it to solve the fractional differential equations. 
Fractional-order Legendre Wavelets

Fractional-order Wavelets
Fractional-order Legendre wavelets are defined on the interval   0,1 as follows:
A function   f x in k n V can be approximated by using the fractional-order Legendre wavelets as
where
in which .,. denotes the stander inner product of the Hilbert space, and C is 1 N  vectors with
The operator J P is named as the orthogonal projection of function f onto space J V . More details of FLWs can see the reference [4] . 
in which
be fractional-order Legendre wavelets vector defined in Eq. (5) and
where   P is N N  operational matrix of fractional integral of order  and is given by
, , , , , , =0, for , , , , , , ,
and 
then we have the following upper bound of error
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The exact solution is     Table 1 , one can see that FLWM can achieve a good approximation with the exact solution for 1.0   . What's more, it can be found that the accuracy of FLWM is improving with the increase of r and J and converge rapidly with small r and J. Example 2. Consider the following nonlinear fractional Riccati equation [9] [10] [11] [12] [13] :
The exact solution of this problem for 1 Table 2 , we compare our numerical results with those obtained by Chebyshev wavelet method [9] , Haar wavelets method [10] , modified homotopy perturbation method (MHPM) [11] , Adomain's decomposition method (ADM) [12] , and fractional differential transform method (FDTM) [13] . From Table 2 , it is clear that FLWM can achieve a good approximation of solution when 
Summary
In this work, the fractional-order integration operational matrix of fractional-order Legendre wavelets (FLWs) is derived by using FLWs approximation and used to find the numerical solutions of fractional differential equations. The numerical results indicate that FLWM is accuracy and validity even for small values of r and J.
